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Abstract. Let T C R(a:, j/) be a countable family of rational functions of two variables with real coefficients. Each 
rational function f d T can be thought as a continuous function / : dom(/) — > R taking values in the projective line 
R = R U {00} and defined on a cofinite subset dom(/) of the torus R^. Then the family T determines a continuous 
vector-function T : dom(J^) — > R-^ defined on the dense G^-set dom(J-") = H/g dom(J-') of R^. The closure f(J-") of its 
graph r(J-") = {{x, f{x)) : x G dom(JF)} in R^ X R-^ is called the graphoid of the family J^. We prove the graphoid r(J^) 
has topological dimension dim(r(J-')) = 2. If the family contains all linear fractional transformations f(x, y) = 
for (a, b) £ Q^, then the graphoid r(JF) has cohomological dimension dimg (r{J-")) = 1 for any non-trivial 2-divisible 
abelian group G. Hence the space r{J-") is a natural example of a compact space that is not dimensionally full-valued 
and by this property resembles the famous Pontryagin surface. 



1. Introduction 

Let X,Y be topological spaces and / : doni(/) — >• F be a function defined on a subset dom(/) C X. Such a 
function / will be called a partial function on X. The closure f (/) of the graph 

r(/) = {(x,/(x)) :a;edom(/)} 

of / in the Cartesian product X x Y will be called the graphoid of /. The graphoid r(/) determines a multi-valued 
function f : X ^ Y assigning to each point x € X the (possibly empty) subset f{x) = {y€Y: (x, y) G f (/)}. It is 
clear that f (/) coincides with the graph r(/) — {{x,y) G X x Y : y G f{x)} of the multi- valued function f : X ^Y. 
Also it is clear that f{x) S f{x) for each x € dom(/). The multi-valued function / is called the graphoid extension 
of the partial function /. The set dom(/) — {x G X : f{x) ^ 0} will be called the domain of /. If the space Y is 
compact, then the projection prj^ : r(/) — >■ X is a perfect map [9l 3.7.1], which implies that the multi-valued map / 
is upper semi-continuous in the sense that for any open subset U <Z Y the preimage ^ {x X : f{x) C ?7} is 
open in X. 

In this paper we shall study topological properties of the graphoids of rational vector-functions. By a rational 
function of k variables we understand a partial function / : doni(/) — )• M of the form 

p{xi,...,Xk) 



f{xi,...,Xk) 



q{xi, ...,Xk) 



where p and q are two relatively prime polynomials of k variables. The rational function / = ^ is defined on the open 
dense subset 

dom(/)=M'=\(p-i(0)ng-i(0)) 
of MJ' and takes its values in the projective real line R = MU {00} (carrying the topology of one-point compactification 
of the real line M) . 

By R(a;i, . . . ,Xk) we denote the field of rational functions of k variables with coefficients in the field R of real 
numbers. Each rational function / S R(a;i, . . . ,Xk) will be thought as a partial function defined on the open dense 
subset dom(/) of the fc-dimensional torus R*' with values in the projective line R. 

By a rational vector-function we understand any family jF c R(a;i, . . . , Xk) of rational functions. 

If T is countable, then the intersection dom(J^) = P|jgjrdom(/) is a dense G^-set in R'^. So, can be thought as 
a partial function 

T : dom(J') ^ R^, T : x ^ {f{x)) f^j^. 
Its graphoid T{J^) is a closed subset of the compact Hausdorff space R'' x R-^ and its graphoid extension ^ : R*^ ^ R-'^ is 
an upper semi-continuous multi- valued function with dom(^) = R*^. For every f d T the composition pr^o^ : R'' — > R 
of J- with the projection pry : R-^ R, pry : (xg)g,^jr 1-^ xf, coincides with the graphoid extension / of the rational 
function /. 

For uncountable families J- C R(a;i, . . . ,Xk) this approach to defining ^ : R*^ — >■ R-^ does not work properly as 
dom(J^) = Clf^jr dom(/) can be empty. This problem can be fixed as follows. 
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Let be a family of partial functions / : dom(/) — > Y defined on subsets doni(/) of a topological space X. By the 
graphoid extension of J-" we understand the multi- valued function T : X ^ Y assigning to each point x (z X the set 
T{x) of all points y = {yf)feJ^ G such that for any neighborhood 0{x) C X oi the point x, any finite subfamily 
£ d F, and neighborhoods 0{yf) C F of the points y/, / e f , there is a point x' £ 0{x) n H/ge dom(/) such that 
f{x') e 0(y/) for aU / G £. The graph 

T{F)^{(x,y)^XxY^ -.yeFix)} 

of the multi-valued function F is called the graphoid of the family F. The set dom{F) = {x £ X : F{x) 7^ 0} is called 
the domain of F . 

If the family F is empty, then Y-^ = is a singleton and the graphoid f{F) coincides with X y^Y^ . 
It can be shown that for any family of rational functions F C M(a;i, . . . , x^) its graphoid extension F ■.W' ^ 
has the following properties: 

(1) F is upper semi-continuous; 

(2) dom(J") = f^; 

(3) for any subfamily £ <Z F and the coordinate projection pr^ : R-^ — ^ the composition prg o : R''' 
coincides with the graphoid extension £ oi £] 

(4) If dom(J^) = Pl/GJ^ dom(/) is dense in R*"', then F coincides with the graphoid extension of the partial function 
F : dom{F) ^ W , F : x >^ (/(x)) /e^. 

In this paper we shall consider the following problem. 

Problem 1.1. Given a family of rational functions F C R(a;i, . . . ,Xk), study topological ( and dimension) properties 
of the graphoid T{F) C R'' x of F . 

A precise question: Has T{F) the topological dimension dim(r(J^)) = k? 

This problem was motivated by the problem of studying the topological structure of the space of real places of a 
field of rational functions, posed in [3] and partly solved in [M], In this paper we shall answer Probleni ll.il for 
k<2. 

In fact, the case fc = 1 is trivial: each rational function / S R(x) admits a continuous extension to R and can be 
thought as a continuous function / : R — >■ R. Then any family F C R(a;) can be thought as a continuous function 
F :R—>- R-^. Its graphoid extension F coincides with F. Consequently, the graphs T{F) = ^{F) are homeomorphic 
to the projective real line R and hence, dim(f (J^)) = dim(R) ~ 1. 

The case of two variables is much more difficult. The following theorem is the main result of this paper and has a 
long and technical proof that exploits tools of Real and Complex Analysis, Algebraic Geometry, Algebraic Topology, 
Dimension Theory, General Topology, and Combinatorics. This theorem has been applied in [5] for evaluating the 
dimension of the space of real places of some function fields. 

Theorem 1.2. For any family of rational functions F C R(x, y) its graphoid T{F) C R^ x R-^ has covering topological 
dimension dim(r(.F)) = 2. 

This theorem reveals only a part of the truth about the dimension of ^{F). The other part says that for sufficiently 
rich families F the graphoid r{F) has cohomological dimension dim^ r(^) = 1 for any 2-divisible abelian group G! 
So, T{F) is a natural example of a compact space which is not dimensionally full-valued. A classical example of this 
sort is the Pontryagin surface: a surface with glued Mobius bands at each point of a countable dense set, see [U §4.7]. 

The covering and cohomological dimensions are partial cases of the extension dimension [7] defined as follows. 
We say that the extension dimension of a topological space X does not exceed a topological space Y and write 
e-dim{X) < y if each continuous map f : A ^ Y defined on a closed subspace A oi X can be extended to a 
continuous map f : X Y. By Theorem 3.2.10 of [TU], a compact Hausdorff space X has covering dimension 
dim(X) < n for some n € w if and only if e-dim(X) < S'" where S" stands for the n-dimensional sphere. 

On the other hand, for a non-trivial abelian group G, a compact topological space X has cohomological dimension 
dimG(X) < n if and only if e-dim(X) < K{G,n) where K{G,n) is the Eilenberg-MacLane complex of G (this is a 
CW-complex having all homotopy groups trivial except for the n-th homotopy group 7r„(X(G, n)) which is isomorphic 
to G, see [TTJ §4.2]). It is known [B] that dimG(X) < dim{X) for each abelian group G and dim{X) = dimz{X) for 
any finite-dimensional compact space X. A group G is called 2-divisible if for each x £ G there is y G G with y^ = x. 

Theorem 11.21 is completed by the following 

Theorem 1.3. // a family of rational functions F C R(a;, y) contains a family of linear fractional transformations 

( X ~ a , , , „i 
{^^(«'^)^^}- 

for some dense subset D ofM.^, then the graphoid T{F) of F has cohomological dimensions dvaii(T{F)) — dim(r(J^)) = 
2 and dimG(r(-F)) = 1 for any non-trivial 2-divisible abelian group G. 
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Theorems 11.21 and 11.31 will be proved in Sections |6] and [T] The main instrument in the proof of these theorems 
is Theorem 13.11 describing the local structure of the graphoid extension ^ of a finite family of rational functions 
T C M(a:;, y). Section [2] contains some notation and preliminary information, necessary for the proof of Theorem 13. II 

2. Preliminaries 

This section has preliminary character and contains notations and facts necessary for understanding the proof of 
Theorem 13.11 

2.1. Notation and Terminology. For two points a, 6 G by [a, 6] = {(1 — t^a + tb : t E [0, 1]} we shall denote the 
affine segment connecting a and b and by 

Q!a,6 : [0, 1] [a, b], aa,b : 1 1-^ {I - t)a + tb, 

the corresponding affine map. Let also ]a, b[ =^ [a, b] \ {a, b} be the open segment with the end-points a, b. For a subset 
yl C and a real number t let tA — {ta : a G A} he a. homothetic copy of A. By = (0, 0) we denote the origin of 
the plane R^. 

Two points a, 6 of a subset i? C \ {0} are called neighbour points of B \i a ^ b and a, b are unique points of the 
set B that lie in the convex cone {ua + vb : u,v > 0}. By M{B) (resp. N{B}) we denote the family of ordered pairs 
(a, b) £ B^ (resp. unordered pairs {a, 6} C B) of neighbor points of B. This family will often occur in the proof of 
Theorem 13.11 below, so this is an important notion. 

A subset A of a metric space {X, d) is called an e-net in X if for each point x £ X there is a point a £ A with 
d{x^a) < e. For a point z of a metric space (X, d) and e > let B{z,s) = {x G X : d{x,z) < e}, B{z,e) = {x G 
X : d{x,z) < e}, and S{z,e) — {x G X : d{x,z) = e} denote respectively the open e-ball, closed e-ball and e-sphere 
centered at the point z. 

A map f : X —> Y between topological spaces X, Y is monotone if f~^{y) is connected for each y G Y. It is easy to 
see that for a connected subspace X C M a function / : X — >■ R is monotone if and only if / is either non-increasing 
or non-decreasing. 

On the extended real line R = RU{oo} we shall consider the metric d inherited from the complex plane C after the 
identification of M with the unit circle T = {zeC:|z| = l} with help of stereographic projection that maps T \ {«} 
onto the real line M. In the metric d the extended real line R has diameter 2. Observe that each (open or closed) ball 
in the metric space (R, d) is connected. 

By an arc we understand a topological copy of the closed interval [0, 1]. An arc A in M" is called a monotone arc 
if for each i G n the coordinate projection pr, : A R is a monotone map. 

2.2. Pusieux-analytic functions. A function ip : A ^ M. defined on a subset A C M is called analytic if for every 
a G A there are e > and real coefficients (c„)„g(^ such that J2^=o knle" < oo and for every x G A with |x — a| < e 
we get fix) = J2n=o Cn(a; - a)". 

Let e be a positive real number. A function ip : [0, e] — !■ M is called Pusieux-analytic if (p\{0^ e] is analytic and there 
are m G N, 5 e (0, e) and an analytic function ip : [0, '-s/S) R such that (p{x) = '>p{y/x) for all x G [0, S). The smallest 
number m with this property is called the Pusieux denominator of ip. In a neighborhood of zero a Pusieux-analytic 
function (p{x) develops into a series X^feLo called the Newton- Pusieux series of ip, see [4i 8.3]. The interval [0, e] 

will be called the domain of the Pusieux analytic function p and will be denoted by dom(<p). 

The Uniqueness Theorem for analytic functions (see e.g., [151) implies the following Uniqueness Theorem for 
Pusieux-analytic functions. 

Theorem 2.1. Two Pusieux-analytic functions f,g : [0,e] — > R are equal if and only if the set {x G [0,e] : f{x) = 
g{x)} is infinite. 

The Pusieux analycity can be also introduced for functions defined on an interval [— e,0]. Namely, we say that a 
function ip : [— e, 0] R is Pusieux-analytic if the function ijj : [0, e] — >■ R, 'i/' : x i— ^ p{—x), is Pusieux analytic. 

Two Pusieux analytic function p, pf are called conjugate if they have the same Pusiuex denominator m and for 
some analytic function ?/; : (—(5, 5) we get 

{(^^,^(0) : 1^1 < - {(a;,<p(a;)) : x G dom(^) n (-(5™, (5™)} U {(x, (p*(a;)) : x G dom((^) n (-(5", (5")}. 

It can be shown that the Pusiuex denominator m of two conjugate Pusieux analytic functions iy9, pf is odd if and 
only if dom((p) n dom((p*) — {0}. 

For example, the Pusieux analytic functions p:>\ : [—£,0] — >■ R, pi : x i-^ x's , and ipl : [0,e] — R, (^* : x i— )■ xa, are 
conjugate and have Pusieux denominator 3. 

The Pusieux analytic functions p2 ■ [0,e] M., p?2 ■ x i-^ x^ ^ and 1^92 '■ [0,e] —>■ p>2 ■ ^ — X2, are conjugate and 
have Pusieux denominator 2. 
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Lemma 2.2. Ifip,ip* are two conjugate Pusieux analytic functions, then for any rational function f € R(x,?/) the 
limits liuix^o fix, ip{x)) and linix^o f{x,(p*{x)) exist and are equal. 

Proof. The lemma is trivial if the rational function / is constant. If / is not constant we can write it as the fraction 
/ = ^ of two relatively prime polynomials p and q. Observe that for each analytic function ip : [—6, (5] — R and any 
771 e N the functions p{t"^, "ipit)) and i^{t)) are analytic and hence develop into Maclaurin series at a neighborhood 
of zero. This fact can be used to show that a (finite or infinite) limit 

lim/(t™,^W) = lim 4^:^41^ 

exits. 

Now let 771 be the Pusieux denominator of the conjugated Pusieux-analytic functions f and ip* and ip : [—5, 5] — > M 
be an analytic function such that 

{(t"Xt)) : \t\ < 5} = {{x, ip{x)) : x G dom((^) n {-5"\ 5"')} U {{x, ip*{x)) : x e dom((^*) n (-,5™, J")}. 

It follows that 

limf{x,^{x)) = \imf{t"\m) = \iinfix,^*{x)). 

□ 



2.3. A local structure of a plane algebraic curve. In this section we recall the known description of the local 
structure of an algebraic curve. 

By an algebraic curve we understand a set of the form 

p-\0) ^ {{x,y) em" : p{x,y) ^ 0} 

where p € R(x, y) is a non-zero polynomial of two variables with real coefficient. The polynomial p in this definition 
can be also replaced by a non-zero rational function r = ^ where p and q are two relatively prime polynomials. In 
this case the symmetric difference of the algebraic curves r^^(O) = {{x,y) G dom(r) : r{x,y) = 0} and p~^{0) lies in 
the intersection p~^{0) n g~"'^(0), which is finite according to the classical Bezout Theorem or [H 6.1] or fT^, 5.7]. 

We are going to describe the structure of an algebraic curve ^ C at a neighborhood of zero = (0, 0). 

By K = (—1, 1)^ we shall denote the open square with side 2 centered at the origin of the plane and by K and 
Kg its closure and its boundary in the plane R^. Let Ko = K \ {0} be the square K with removed centrum and 
{±1}^ = { — 1, 1}^ be the set of the vertices of the square. 

Next, decompose the square K into four triangles: 

. KN = {{x,y)£K -.1x1 <y}, 

• Kw = {{x,y) (^K:\y\< -x}, 

• Ks = {{x,y)£K:\x\<-y}, 

• KE = {{x,y)eK:\y\<x}, 

whose indices N, W, S, E correspond to the directions: North, West, South and East. 

A subset C C R^ is called an east e-elementary curve if C C sKe and C = {{x,(p{x)) : x € (0,£]} for a (unique) 
Pusieux-analytic function ip : [0, e] — > R. The Pusieux denominator 771 of ip will be called the Pusieux denominator of 
C. 

An east e-elementary curve C is drawn on the following picture: 
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The definitions of north, west, and south e-elementary curves can be obtained by "rotating" the definition of an 
east e-elementary curve. 

Namely, let i?^ : (x, y) i— > (y, —x) be the clockwise rotation of the plane on the angle ^. Then R.^ = o R^ and 
R'i^ — Rtc o -Rf are the clockwise rotations of the plane by the angles tt and respectively. 

A subset C C is called north (resp. west, south) e-elementary curve if R:e(C) (resp. Rt^(C), R3tl{C)) is an 
east e-elementary curve. A subset C C will be called an e-elementary curve if C is an east, north, west or south 
e-elementary curve. 

We shall exploit the following fundamental fact describing the local structure of a plane algebraic curve, see [H 
§8.3] or [m §16]. 

Theorem 2.3. For any algebraic curve A C there is e > such that the intersection A H eKo has finitely many 
connected components and each of them is an e-elementary curve. 

For an algebraic curve A C the number e > satisfying the condition of Theorem 12.31 will be called A-small. 

For an A-small number e each connected components of A H eK is an e-elementary curve called an e-branch of A. 
Each e-branch C oi A has a conjugated e-branch C* of A defined as follows. 

Assume first that the e-branch C is an east e-elementary curve. Then C — {{x,(p{x)) : x G (0,e]} for some 
Pusieux-analytic function ip : [0,e] — >■ [— e,e] with Pusieux denominator m. For the function if there exist a positive 
S < '^/e and an analytic function ip : [—6, S] — > [— e, e] such that ip{x) — ip{\/x) for all x G [0, (5™]. 

If m is odd, then the formula (p*{x) — '4){\/x ) determines a Pusieux-analytic function Lp* : [—(5™, 0] — > R, which is 
conjugate to ip. If m is even, then the conjugate function (f* : [0, (5™] — ^ R is defined by the formula f*{x) = 

We claim that the graph {{x,ip*{x)) : x e dom((p*)} lies in some e-branch C* of the algebraic curve A. Find a 
polynomial p S R(a;,y) such that A — p~^(0). Taking into account that C C A, we conclude that p{x,'p{x)) = 
for all X € [0,e] and hence p{t"'- ,ip{t)) = for all t € [0,6]. Taking into account that the formula f{t) = p{t'^,ip{t)) 
determines an analytic function / : [—6, S] R, which is zero on [0, 6], we conclude that / = 0. 

If m is odd, then for every x G [— (5™,0] = dom((p*) and t = ^/x, we get p{x,ip*{x)) = p{t"\'ip{t)) =0. If m is 
even, then for every x € [0, 5"*] = dom{(p*) and t = — ^/a;, we get p{x, 'p*{x)) = p{t"^, ^{t)) = 0. Therefore the graph 
{{x,ip*{x)) : X e dom((/9*) \ {0}} lies in the algebraic curve A and being a connected subset oi A{^eKo lies in a unique 
branch C* , which is called the conjugate e-branch of the e-branch C. Observe that the conjugate branch C* is an 
east e-elementary curve if m is even and west if m is odd. 

By analogy we can define conjugate branches of north, west and south e-branches of the algebraic curve A. Since 
the conjugate Pusieux analytic curves are not equal, the conjugated e-branches of A are disjoint. 

So, the intersection An eKo decomposes into the union of conjugated branches and hence contains an even number 
of connected components. This is a crucial observation which will be used in the proof of the inequality dimr(J^) > 2 
in Theorem 11.21 

2.4. Degree of maps between circles. In this section we recall some basic information about the degree of maps 
between circles. Since the degree has topological nature, instead of the circle we can consider the boundary Kg of the 
square K = (—1, 1)^ in the plane R^. 

We assume that the reader knows Elements of Singular Homology Theory with coefficients in an abelian group G 
at the level of Chapter 2 of Hatcher's monograph [11. In particular, we assume that the reader knows the definition 
of the first homology group Hi{X; G) of a topological space X and also that each continuous map f : X Y induces 
a homomorphism /» : Hi{X;G) Hi{Y;G) of the corresponding homology groups. It is well-known that the first 
homology group Hi{Kg; G) of the (topological) circle Kg is isomorphic to the group G, see [TTJ p. 153]. In particular, 
for the infinite cyclic group G = Z the first homology group Hi{Kg; Z) is isomorphic to Z. 

Observe that each homomorphism ft, : Z — > Z is of the form h{x) — d - x for some integer number d called the degree 
of the homomorphism h. By the degree of a continuous map / : Kg — ^ Kg we understand the degree of the induced 
homomorphism /* : Hi{Kg;Z) — > Hi{Kg;Z). 
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For the coefRcient group Z2 = TLjll the situation simphfies. There are only two homomorphisnis from li to Z2: 
identity and trivial (or annulating). So, we call a map f : X ^ Y between topological circles 'L2-trivial if the induced 
homomorphism /* : Hi(X; Z2) — > Hi{Y; Z2) is trivial. It is easy to see that a map / : Kg — > Kg is Z2-trivial if and 
only if it has even degree. 

We shall need the following fact whose proof can be found in [TTJ §2.2]. 

Lemma 2.4. A map f : Kg Kg has even degree and is 'Ii2-trivial if for some point y G Kg the preimage f~^{y) has 
finite even cardinality and each point x E f^^{y) has a neighborhood Ux C Kg such that the restriction f\Ux ■ Ux — >■ Kg 
is monotone. 

Another result that will be used in the proof of Theorem 11.21 is the addition formula for degrees, which in Z2-case 
looks as follows: 

Lemma 2.5. Let Z he a finite subset of the open square K = (—1, 1)^ in the plane endowed with the max-norm, 
and e > be a number such that Kg D B(Z,e) = and B{z,e) Ci B(z',e) = for distinct points z,z' S Z. Let 
f : K \ B{Z,e) — >■ Kg be a continuous map. If for every z G Z the restriction f\S{z,e) : S{z,e) — >■ Kg is a 'L2-trivial 
map, then the restriction f\Kg : Kg Kg also is 1j2-trivial. 

Proof. Let a : [0, 1] -> Kg be a continuous map such that ct(0) = <t{1) and <t\[0, 1) : [0, 1) — ^ Kg is bijective. By [11] 
2.23], its homology class [a] is a generator of the homology group Hi{Kg; Z2), which is isomorphic to Z2. 

Let X = K \ B{Z,e) and /, : Hi{X;'Z,2) — > Hi{Kg]'L2) denote the homomorphism between the first homology 
groups, induced by the map f : X ^ Kg. Let i : Kg — >■ X denote the identity embedding. 

For every z G Z consider the singular simplex cr^ : [0, 1] — > S{z,£), : t 1-^ z + £cr{t), whose homology class 
is a generator of the homology group i?i(S'(x, e); Z2) which is isomorphic to Z2. Since the composition /|5(z,e) : 
S{z,e) Kg is Z2-trivial, f^{[a^]) = 0. 

It is easy to show that the 1-cycle cr—X^zez '^^ equal to the boundary of some singular 2-chain in X. Consequently, 
/*(["']) = Szez f*i\'^z]) ^ ^ ^'^"^ f*°i*^ 0, which means that the map f\I'Cg = / o i is Z2-trivial. □ 

3. Resolving the singularity of a rational vector-function 

In this section given a finite non-empty family C R{x, y) thought as a rational vector-function, we study the local 
structure of its canonical multi- valued extension .F : ^ R'^ at a neighborhood of an arbitrary point (a, 6) G R^. 
We lose no generality assuming the point (a, h) coincides with the origin = (0, 0) of the plane R^. 

The principal result of this section is the following structure theorem. 

Theorem 3.1. Let J- C M(a;, y) be a non-empty finite family of rational functions and T :M? R-^ be its graphoid 
extension. There is e > such that for every £ G (0, e] there is a homeomorphism h : eK \ |X — > eKo such that 

(1) eko C dom(J"). 

(2) h\eKg = id. 

(3) For every f £ J- the composition f o h : eK \ ^K — )■ R has a continuous extension fh '■ eK \ ^K — !■ R. 

(4) The functions fh, f £ T , compose a continuous extension 

A^ifh)fe^-£k\^K ^R^ 

of J- o h such that J-h{^Kg) = 

(5) There is a finite subset Bq of eKg containing the set {—e,e}^ of vertices of eK such that for any neighbor 
points a,b of ^Bq and every f £ J- the restriction fh\[a,b] : [a,b] — > R is monotone and the image ffi{[a,b]) 
lies in one of the segments [0,1], [—1,0], [l,cx)], [00,— 1] composing the circle R. 

(6) The set .F(O) is either a singleton or a finite union of monotone arcs in R-^. 

(7) For any continuous map g : .F(O) — )■ Kg the composition g o ^h\^Kg : ^Kg — Kg is 'L2-trivial. 

Proof. We lose no generality assuming that all functions f G T are not constant. Observe that for each rational 
function / = £ G J" C R(a:,2/) the set R^ \ dom(/) C p~^(0) n g~^(0) is finite according to the classical theorem of 
Bezout [4| 6.1] (which says that for two relatively prime polynomials p,q G M.{x,y) the algebraic curves p~^{0) and 
g^^(O) have finite intersection). This implies that the set dom(J^) = p|jgjrdom(/) is cofinitc in R^ (i.e., has finite 
complement in R^). 

In the family T consider the subfamilies: 

• of rational functions f £ T with non-zero partial derivative fx = 

• of rational functions f £ T with non-zero partial derivative fy — ^- 

Let Co = {0, 1, —1, cx)}, X = {(x, y) G R'^ : = ?/^}, and consider the algebraic curve 

Ao = xu u /-i(o)u u /-i(o)u y f-\C^). 

!(iJ=:. /eJ^y /G.F 
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Using Theorem 12.31 choose an ^o-smaU number e G (0,1) such that eKo C dom(J^). For this number e the 
intersection Aq\^£Ko decomposes into even number of pairwise disjoint e-elementary curves. Since the set IR^\dom(J^) 
is finite, we can assume that e is so small that eKo C dom(J^). Now, given any real number e £ (0, e] we shall construct 
a homeomorphism h : eK \ — > eKo that satisfies the conditions (1)~(7) of Theorem 13. II 

Let us recall that d stands for the metric on the extended real line M identified with the unit circle in the complex 
plane via the stereographic projection. This metric induced the max-metric 

d^{ixf),iyf)) ^f^^d{xf,yf) 

on the J-"-torus K'^. 

Using Theorem 12.31 by induction we can construct a sequence of algebraic curves {An)^^i, a sequence of real 
numbers {en)^=i and a sequence of finite subsets {Cn)nGuj of K such that for every n S N the following conditions 
hold: 

(1) 0<£„ <min{e„_i,2-"}; 

(2) the number e„ is A„-small; 

(3) the set C„+i contains C„ and is a finite 2~"-net in (R, d); 

(4) A„+i = A„U u rHCn+i). 

Let eo = e. Now we are ready to construct a homeomorphism h : eK \ |^ — >■ eKo required in Theorem 13. II This 
homeomorphism will be defined recursively with help of the algebraic curves yl„, new. 

For every new consider the finite set Bn = An DenKg in the boundary of the square enK. It follows from X C Aq 
that the set Bq contains the set {— £ti,£ti}^ of vertices of the square enK. For each point b e Bn there is a unique 
Era-elementary branch Cb of the algebraic curve An such that {b} = Cbd An- 

For every n e w let (S„ = | + ^ and observe that lim„_j.oo Sn = ^■ 

Let h-i be the identity map of eKg. By induction, for every n e w we shall define a subset i?^ e SnKg and a 
homeomorphism /i„ : SnK \ Sn+iK — > enK \ en+iK such that: 

(5) /i„((| + ^)Kg) ^ tKo for each t e [e„+i,e„]; 

(6) B'„ ^ h-\{Bn) CI SnKa; 

(7) for any 6' e B',^ we get hn{[^, !]&') - Cb \ en+iK where b = /i„_i(6') e B„; 

(8) for any neighbor points a,b £ S'^ and any t e the map hn\[ta,tb] is affine, which means that 
hn{{l — u)ta + utb) = (1 — u)hn{ta) + uhn{tb) for all u E [0, 1]. 

The conditions (6)-(8) imply that for every n E lo we get hn-i\SnKg = hn\SnKg. So, we can define a homeomor- 
phism h : eK \ ^K — )■ eKo letting h\6nK \ Sn+iK ~ hn for all new. The properties (5)-(8) of the homeomorphisms 
hn imply that the homeomorphism h has the following properties for every new: 

(9) /i„(| + \)Kg) = tKg for each t e (0,e]; 

(10) = h-\Bn); 

(11) for any b' e B',^ C SnKg we get h{{^, l]b') = Cb where b = h{b') e S„; 

(12) for any neighbor points a, b of B'^ and any t e [%^, 1] the map h\ [ia, tb] is affine. 

Moreover the choice of the algebraic curve Ao guarantees that for any neighbor point a,b G Bq = B'q, any t E (1/2,1], 
and any function f (z J- 

(13) the restriction / o ft,|[ia,t6] is either constant or injective (this follows from f^^{0) U fy^{0) C Ao) and 

(14) the image / o h{[ta, tb]) lies in one of segments [0, 1], [—1, 0], [1, oo], [oo, —1] composing the projective line M 
(this follows from /"^({0, 1,-1, oo}) C Aq). 

Now we shall prove the statements (l)-(7) of Theorem 13.11 In fact, the statements (1) and (2) follow from the 
choice of e = £o and the definition of h\eKg = The other statements will be proved in a series of claims and 

lemmas. 

In the following claim (that proves the statement (3) of Theorem 13. ip on the plane we consider the metric 

p{{x,y), {x', y')) = max{|a; - x'l \y - y'\} 
generated by the norm ||(x,2/)|| = max{|a;|, |?;|}. In this metric the square K is just the open unit ball centered at 0. 

Claim 3.2. For every j E T the map f o h : eK \ |^ — )■ R is uniformly continuous and hence admits a continuous 
extension fh : eK \ |iir — > R. 

Proof. Given any 77 > 0, we should find r > such that for any two points x,x' e eK \ |A' with p{x,x') < r we 
get d{f o h{x), f o h{x')) < rj. Choose a natural number m G N such that 2~'"+^ < 77. By the uniform continuity 
of the function / on the compact set eK \ Sm+iK, there exists a real number ti > such that for any points 
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{x,x') e eK \ 6m+iK with p{x,x') < ti we have d{f o h{x),f o h{x')) < rj. Let T2 = Sm — Sm+i be equal to the 
smallest distance between the squares 5mKo and 6m+iKg. 
Now let us consider the finite set 2§~^m ^ §Kg and put 

n^mm{p{a',b'):a',b' €^B:,-^,a' ^b'}. 

We claim that the number r = minjri, T2, T3} has the required property. 

The choice of r implies that any two points x, x' G sK \ with p(x, x') < r either both lie in eK \ 6m+iK (and 
by the definition of ri this implies that d{ f o h{x), f o h{x')) < rj), or they both lie in the same trapezoid Tab, bounded 
by the lines SmKg, ^Kg, [jf— i ^0,1 [2^' 1]^' 'where a,b are neighbor points in B'^, or, at least, in such two adjacent 
trapezoids. The interior Tab \ dTab of the trapezoid Tab is a connected set whose image hiTab \ dTab) does not intersect 
the algebraic curve Am while the image / o h{Ta.b \ dTab) does not intersect the 2^™+^-net Cm in M. Consequently, 
diam/ o h{Tab) = diam/ o h{Tab \ dTab) < 2"™+! and d{f o h{x)J o h{x')) < 2 • 2"™+! < 77. □ 

The functions fh, f ^ compose a continuous function J'h = {fh)f£T ■ \ — >• R-^ that extends the 
composition F oh : eK\ |^ — > K"^- Let Tg — Fh\^Kg be the restriction of Fh onto the boundary square ^Kg. Also 
let h : eK \ ^K eK be the continuous extension of the homeomorphism h and observe that h~^{0) — ^Kg. 

The following claim completes the proof of the statement (4) of Theorem 13.11 

Claim 3.3. F{0) = Fg{^Kg) is a Peano continuum. 

Proof. First, we are going to show that .F(O) — Fg{^Kg). 

Let y £ -^(0). This means that there exists a sequence {x.a}n(^u C eKo such that (0,2/) = lim (x„, J^(a;„)). By 

_ _ _ n— ^00 

the compactness of e-R' \ ^K , the sequence {/i~^(a;„)}„gtj C \ ^K contains a subsequence {h~^{xnk)}keui that 
converges to some point z £ ^Kg — h^^{0). The continuity of the map F^ guarantees that 

y = lim J"(a;„J = lim J",,(/i"^(a;„J) = A(z) e Fg(^Kg). 

The converse inclusion Fg{^Kg) C -^(0) is obvious. The equality F{Q) = Fg{^Kg) and the continuity of Fg implies 
that ^(0) is a Peano continuum. □ 

Now we prove the statement (5) of Theorem 13.11 We recall that Sq = i?o = ^0 H eKg. The conditions (13), (14) 
imply the following: 

Claim 3.4. For every f £ F and neighbor points a, b of the set ^Bq the map fh\[o-, b] is monotone and its image lies 
in one of the segments: [0,1], [—1,0], [l,c»], [c»,— 1] composing the projective lineM.. 

Claim 13.41 implies: 

Claim 3.5. For any neighbor points a,b of the set \Bq, the map Fg\[a,b] is monotone and Fg{[a,b]) either is a 
singleton or a monotone arc in M.^ . 

Claim I375I implies that for any neighbor points a,b of the set ^Bq and any point y G Fg{[a,b]) the preimage 
{Fg\[a,b])~'^{y) is either a singleton or an arc. Let 

Ya^b^{y£Fh{[aM) ■■ \{^d\[aM)~\v)\ > 
Since [a, b] does not contain uncountably many disjoint arcs, the set Ya_b is at most countable and so is the set 

^^-U^^-." ■ {a,b)&Af{}Bo)}. 

The definition of the set Y implies: 

Claim 3.6. For each y eR^ \Y the preimage Fq ^{y) is finite. 

The last statement of Theorem 13.11 is proved in the following lemma, which is the most difficult part of the proof 
of Theorem 13. II 

Lemma 3.7. For any map g : Fg{^Kg) — >■ ^Kg the composition g o Fg : ^Kg — > ^Kg is 'Zi2-trivial. 

Proof. Since homotopic maps have the same degrees, it suffices to show that the map g o Fg is homotopic to some 
Z2-trivial map g : ^Kg — )■ ^Kg. The construction of such a map g is rather long and require some preliminary work, 
in particular, introducing some notation. 

We recall that p stands for the max- metric on the plane M."^, d denotes the metric of the projective line R. The 
latter metric induces the max- metric d'^ on the J-'-torus M'^. 

By the uniform continuity of the map g there is (5 > such that for any points x,y E F{0) = Fg{^Kg) with 
d-^{x,y) <S we get p{g{x),g{y)) < e. 
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Find m e N such that 2^™+^ < S and consider the S-net Cm in M (which appeared in the construction of the 
homeomorphisni h). The definition of the set Cm guarantees that Cq = {0, f , — f , oo} C Cm- The set Cm induces the 
disjoint cover 

C = {{c} : c e Cm} U {]a, b[: {a, h) e N{Cm)} 

of the projective hne R. 

It follows that the closure C of each set C G C is a connected subset that lies in one of the intervals: [0, 1], [0, —1], 
[1, oo], [oo, —1]. So, we can endow each segment C with the linear order inherited from the extended real line [— oo, oo]. 
Now for each set C G C consider the rational homeomorphism /.ic : M — > M defined by formula: 

X ifCc[0, 1]; 

x + 1 ifCc[-l,0); 

l-x-i ifCc(l,oo]; 

-x-i ifCc(oo,-l). 

Observe that fJ.c{C) C [0,1] and the restriction ^J,c\C : C [0,1] is strictly increasing (with respect to the linear 
order on C inherited from [— oo,+oo]). 
The cover C induces the disjoint cover 

nc^ = { n C/ : (C/)/e^ G c^} 

of the J^-torus by cubes of various dimensions. Since Cm is a S-net, for each cube C €! IIC'^ its closure C has 
diameter < 5 (with respect to the metric d-^). Consequently, the image g{CnT{0)) has p-diameter diam5(C'n^(0)) < 
e and hence lies in some topological arc 

For each cube C — H/ej^C'/ G HC-^ consider the embedding 

And now the final portion of definitions and notations which should be digested before the start of the proof of 
Lemma 13.71 

A pair (a, b) of distinct points of ^Kg is called T-admissihle if [a, 6] C ^Kq and for every f & T there is a (unique) 
set C;[^ € C such that //i(]a, 6[) C C;f^ and the restriction //,.][a, 6] : [a,h] — )• C^^^ is monotone. It is clear that the 
product 

CaM = n ^Ib C 

is an element of the cover IIC-^ of R-^. 

For each pair (a, b) of J^-admissible points of ^Kq consider the sets 

Kb = {/ e : < hm. 

Kb = {,/ e : h{a) > Mb)}, 

Kb = {f ^^■■h{^) = hm, 
K,b = ^\Kb = Kb^Kb- 

Two J^-admissible ordered pairs (a, b), (a' , b') of neighbor points of the set t^Kq are called T-coherent if 

Kb^-^a'.b'' ^a,b ~ J^a',b'i Kb — K ,b' ^ ^^"^ Ca,b — Ca' ,b' ■ 

Two unordered pairs {a, b}, {a' , b'} of neighbor points of the set B are called J- -coherent if the ordered pair (a, b) 
is J^-coherent either to {a',b') or to {b',a'). 

It is easy to check that the J^-coherence relation is an equivalence relation on the family of J-"-admissible (un)ordered 
pairs of points of ^Kg. 

Claim 3.8. There is a finite subset D C ^Kg such that: 

(1) ^BoCD. 

(2) Any pair (a, b) of neighbor points of D is -admissible. 

(3) Two unordered pairs {a,b}, {a' ,b'} of neighbor points of D are J^- coherent provided f'g(ja,b\)nf'g (ja' ,b'[) ^ 0. 
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Proof. For every neighbor points a, b of the set ^Bq, consider the disjoint cover Va.t — {[a, b] n J"^^(C) : C G HC-^} 
of the affinc interval [a,b] by convex subsets of [a,b]. The convexity of the sets of the cover Va^b follows from the 
monotonicity of the maps fh\[a, b], f £ T. For every set D £ Va^b by dD we denote the boundary of D in ^Kg. Since 
D is convex, \dD\ < 2. Let 

Do = ^BoU[j{dD:DG D„,6, (a, b) G AA(iBo)}. 

It is easy to see that any two neighbor points of the set Dq are J^-admissible. 

Now let us consider an increasing sequence (-C^^jnGw of finite subsets of ^K^) defined by the following recursive 
procedure. Assume that for some n G oj a finite subset £)„ (containing the set Dq) has been constructed. For any 
two unordered pairs {a, a'} and {6, b'} of neighbor points of the set D„ consider the convex hull D^'^J, of the set 

{f'g\[a, a'])~^ {Tdilbjb'])) C [a, a'] in the afHne segment [a, a'] and its boundary 9Z)^'^, in ^Kg, which consists of at 
most two points. 

Claim 3.9. Fd{dD'^^\,) = .Fg{dD'^'f, ). If the intersection f^g{[a,a']) D J^g{[b,b']) contains more than one point, then 

douhletons do'^''^, and are J- -coherent. 

Proof. The claim is trivial if the intersection Z = Tg{[a, a']) fl J^g{[b, b']) contains at most one point. So, assume that 
this intersection contains more than one point. It follows that Z c Ca,a' = Cb,b' and hence for each f G the sets 
^a,a' ^b,b' Coincide and carry the same linear order. 

Choose two points y = {yf)f^jr and y' = {y'f)f^jr in Z c M-^ for which the set J^yy, = {f & '■ Vf v'f} 
has maximal possible cardinality. It is clear that J%f,,/ = J^^,,i U T^,,,, where J^^,,, = {f G T : yt < y'A and 
^y,y' = {/ e .F : y/ > y'^}. 

Choose two points XaTx'^ G [a, a'] such that y = Td{xa) and y' = Tg{x'^). Exchanging the points a, a' by their 
places, if necessary, we can assume that the intervals [a, Xa] and [xjj, a'] have empty intersection. Choose unique points 
Za G [a^Xa] and z'^ G [x'^^a'] such that {za,z'^} = do'^''^,. Since [a;£i,a;Jj] C [za,z'^, the monotonicity of the functions 
/;j|[a, a'] implies that J^y^yi C J-"^ ^, and hence J^y^yi = ^ta,z' the maximality of J^^y^- This fact, combined with 
the monotonicity of the functions [a, a'] and the choice of the order of the points a, a' implies that T'^^^^, = Ty^yi 
and J">_^^ = T'^y,. Let y^ = Tg{za) and y'^ = Tg{z'^). 

Now do the same for the segment [6,6']: choose two points Xb,x'^^ E [b,b'] such that y = Fg{xb) and y' G Tg{x'jj). 
Replacing the points 6,6' by their places, if necessary, we can assume that the intervals [6, Xf,] and [a;[,,6'] have no 
common points. Choose unique points Zb G [b,Xb] and G [x'^,b'] such that {zb,z'f^} = and let yb = ^d{zb) 

and = Tg{z'f,). It follows that J->^, = and J-<_^, = 

We claim that ya = yb and y'^ = y^. Assume first that t/„ ^ yb- Find a point w„ G [za, z'^] such that Td{ua) = yb and 
a points Ub G [zb., z'f^ such that Fg{ub) = ya- Since ya 9^ 2/6, there is a function f G J- such that prj(yo) 7^ P^fiUb) where 
prj : R-^ R denotes the projection onto the f-th coordinate. On the set prj(Z) consider a linear order inherited 
from the set C^^/ = C[i^,. We lose no generality assuming that pvf{ya) < pTf{yb). Then by the monotonicity of the 
function //,|[a, a'], we get 

fh(Za) = Pr/(ya) < Prfiyb) = .fh(Ua) < fh{z'J 

and hence / G J-"^ ^, = ^yyi- On the other hand, the monotonicity of the function /ft,|[6, 6'] implies 

fhizb) = WfiVb) > pr/(?ya) = fhiub) > .fh(zl), 
and / G Jv^ ^/ = -^yy" This is a desired contradiction that proves the equality ya = yb- By analogy we can prove the 

equality y'a = y'b- 

Now we see that the equality 

MdD'i) = {ya,y'a} = {y»,y'b} = MdDtlb^) 

implies that the doubletons dD^'^^, and dD^'^, are J^-coherent. □ 

Define the set as the union 

£)„+! = £>„ U \J{dDl'^^, : (a, a'), (6, 6') G Af{Dn)}. 

For every n G ui consider the function p„ : A/'(D„+i) — A/'(Z)„) assigning to each ordered pair (a, a') of neighbor 
points of the set -D„+i a unique ordered pair (6, 6') of neighbor points of D„ such that [a, a'] C [6, 6'] and [a, 6] fl [a', 6'] = 
0. For n < m consider the composition 

Pn=Pn°---° Pm-1 ■ J^{Dm) A/'(D„). 
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Claim 3.10. There is n ^ uj such that for any m > n any pair (a', b') e N{Dm) is J- -coherent to the pair (a, h) = 
p„i-i{a\b'). 

Proof. The proof of this claim relies on the Konig Lemma 14.2], which says that a tree T is finite provided each 
element of T has finite degree and each branch of T is finite. Let us recall that a tree is a partially ordered set (poset) 
(T, <) with the smallest element such that for each t G T, the set {s G T : s < t} is well-ordered by the relation <. 
For each t ^ T, the order type of {s e T : s < t} is called the height of t. The height of T itself is the least ordinal 
greater than the height of each element of T . The degree of an element t S T is the number of immediate successors 
of t in T . The root of a tree T is the unique element of height 0. A branch of a tree T is a maximal linearly ordered 
subset of T. 

Now consider the tree T = {0} U UnGw-^(-^")- partial order on T is defined as follows. Given two vertices 
(a, a') G N{Dr,) and (6, b') G N{D^) of T, we write (a, a') < (6, 6') if n < m and (a, a') = p'^ib, b'). The set is the 
root of T and is smaller that any other non-empty element of T. It is clear that each vertex of the tree T has finite 
degree. 

The monotonicity of the maps fh\[a,a'] for {a, a') e T implies the following fact: 

Claim 3.11. For any two vertices {a, a') < {b,b') of the tree T we get T^^, C J-j^i,,- Moreover, the pairs {a, a') and 
(b, b') are J- -coherent if and only if J' a a' ~ -^Tb' ■ 

Now consider the subtree T' <Z T consisting of the root of T and all pairs (a, a') E M{Dn) C T that are not 
J^-coherent to some pair (6,6') € N{Dn+i) C T with pn{b,b') = (a, a'). Claim IXTD implies that each branch of the 
tree T' has finite length < -I- 1. By Konig Lemma, the subtree T' is finite. Consequently, there is n e N such that 
T' n J\f{Dm) = for all m > n — 1. This implies that for every m > n, each pair (a, a') G Af{D„i) is J^-coherent to 
the pair (6, 6') = p„i-i(a, a'). This completes the proof of Claim [XTOl □ 

Let D = Dn+i where the number n is taken from Claim l3TT0l It is clear that the set D satisfies the conditions (1) 
and (2) of Claim l3^ The condition (3) is verified in the following claim. 

Claim 3.12. Two unordered pairs {a, a'}, {6, 6'} G M{D} of neighbor points of the set D = Dn+i are T-coherent if 
A(]a,a'[)nA(]6,6'[) ^0. 

Proof. We shall consider two cases (and several subcases). 

1. The intersection Th{]a,a'\^ n J';i(]6, 6'Q contains more than one point. By Claim l3Jl the doubletons dD^J'^, 

and dD'^'^i are J^-coherent. Take a pair of neighbor points (a„+2,a^+2) G A/'(D„+2) such that ]a„+2, 0^1+2! ^ D^a\' 
and p„+i(a„+2, a^_|_2) = (a, a'). The choice of the number n guarantees that the pairs (a„+2,a^^2) ^^.d (a, a') are 
J^-coherent. Taking into account that [a„+2,a^^2] C conv(9£'|^'|^,) C [a, a'], we conclude that the pair {a, a'} is 
J^-coherent to the doubleton do'^j'^,. By analogy we can prove that the pair {6,6'} is J^-cohcrent to the doubleton 

dD'^f, . Now we see that the J^-coherence of the doubletons dD^J^^, and dD'^f, implies the J^-coherence of the pairs 
{a, a'} and {6, 6'}. 

2. The intersection .F;j(]a, a'[) n.F/i(]6, 6'[) is a singleton containing a unique point y. Ifbothsets dD^^^^, a.nddD'^f, 

are doubletons, then we can use the equality ^a{dD^^\,) — {y} = FQ{dDl'^, ), which implies that the doubletons 91)^'^, 

and dD^^'y are J^-coherent and proceed as in the preceding case. 

2a. Now assume that dD^^^^, is a singleton. Let (a„, a'^) = p„+i(a, a') and (6„, 6'^) = p„+i(6, 6'). The choice of the 
number n guarantees that the pair (a„, a^) is J^-coherent to (a, a') and (6„, 6^) is J^-coherent to (6, 6'). It follows that 
the intersection 

A(]a„,a:j) n A(]6„,6',J) D Fh{]a,a'[) C^ Fh{]b,b'[) - {y} 
is not empty. If this intersection is a singleton, then the convex set -DI^"'^"? also is a singleton (in the opposite case, 
the set Dqq, = ^a"^" ]a,a'[ cannot be a singleton). In this case the singleton dD^^"^^ = '^^'a^a' belongs to the 
set D = Dn+i and is disjoint with the open interval ]a,a'[, which contradicts y G ^g(ja,a'[). This proves that the 
intersection ^ft(]a„,a^[) H .F/i (] 6„ , 6' J) is not a singleton. Proceeding as in the case 1, we can show that the pairs 
{a„, a'^} and {6„, b'„} are J^-coherent and so are the pairs {a, a'} and {6, 6'} (which are J-"-coherent to the pairs {a„, a'^} 
and {6„,6'j}, respectively). 

2b. In case 9DJ^'^, is a singleton, we can proceed by analogy with the case 2a. □ 

□ 

Now we are ready to prove that the composition goTg is homotopic to some a map g : ^Kg ^Kg of even degree. 
It suffices to define g on each segment [a, 6] connecting two neighbor points of the set D. 
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We recall that by M{D} we denote the family of unordered pairs of neighbor points of the set D. The family M{D} 

•o- 

decomposes into pairwise disjoint equivalence classes consisting of J^-coherent pairs. Denote by AA{-D} the family of 

<-> 

these equivalence classes. For each equivalence class E e -N^iD} let 

E = \J{[a,h] : {a, 6} e E] and dE = [j{{a,h} : {a, 6} e E]. 

It is clear that §Xa = [j{E : E e M{D}}. 

For each equivalence class E G AAj-D} we are going to construct a specific map gs ■ E ^ ^Kq such that gsldE = 
g o Td\dE and gs is homotopic to g o Td\E. This map gs will have a specific algebraic structure which will help us 

to evaluate the degree of the unified map g = \J{gE -Eg J\f{D}Y 

•H- 

So, fix an equivalence class E € Af{D}. Since any two unordered pairs from E are J^-cohcrcnt, we can choose 
a function j : E assigning to each unordered pair {a, b} G E one of ordered pairs (a, b) or (fe, a) so that 

for any unordered pairs {a,b},{a',b'} E Af{D} the ordered pairs 7({a, &}) and 7({a',6'}) are J^-coherent. Let 

E = j{E) C AfiD) and Af{D) = {E : E e J^{D}}. The J"-coherence of any two pairs (a, b), (a', b') G E implies that 

^a,b = ^a',b" ^a,b = ^a',b" ^a,b = ^a',V and C„,6 = ^',6'- So, WC Can put 

•'^E ^a,6' •'^B ^a,65 -'^E ^a,6' 

= <6 for / e .F, = a,6 = n 

= -'^Cb and \XE = HCe ■ Ce [0, 1]^ 

where (a, b) G E is any pair. We recall that Ice is an arc in fifg that contains the set g{CE n^(0)). 
For every f G consider the number Sf G {— 1,0,1} defined by the formula 

'l if/e.F< 

£/ = S if / e -^i 
-1 if/eJ->. 

Taking into account that the subset ij,e ° Fd{dE) c i^e{Ce) C [0, 1]-^ is finite, it is easy to find a sequence of positive 
real numbers (a/)/e^ such that the linear map 

Xe : [0, 1]"^ -^R, Xe ■ {xf)feF ^ ^fOtfXf 

feF 

is injective on the set ^ie ° J^didE). 

Claim 3.13. For each pair {a, b} G E the map Xe o /i_E is injective on the set Td{[a, b]). 

Proof. Assume that Xe o jJ-E^y) = Xe ° f-E{y') for some points y = (j//)/g^ and y' = in .Fa([a,6]). Choose 

two points X, x' G [a, 6] such that y = J-q{x) and y' = Td(x'). On the interval [a, b] we consider the linear order such 
that a < b. We lose no generality assuming that x < x' with respect to this order. The monotonicity of the maps fh, 
f G J^, imply that 

• fh{x) < fh{x') for each f G 

• fh{x) > fh{x') for each f G F^; 

• fh{x) = fh{x') for each / G J"f . 

Taking into account these inequalities, the increasing property of the maps fxc and the choice of the numbers £/, 
f G J^, we conclude that 

£/ • n^f^{fh{x)) < Sf ■ iJ.^f^{fh{x')) for all f G J^. 

Consequently, 

Xe o I^Eiv) = Xeo/ieo Td{x) = ^ afSf ■ Hcf,{fh{x)) < 

< ^ afSf ■ iJ,Qf {fh{x')) = Xeo He° ^d{x') = Xeo i^E{y')- 

Taking into account that Xe ° t^-Eiy) ~ Xe o fj.E{y'), we conclude that y/ = fh{x) = fh{x') = y'^ for all / G J"^. For 
each / G the function //i|[a, 6] is constant and hence yf = fh{x) = fh{x') = y'f Consequently, y = y', which 
means that the map A_b o he is injective on .Fa|[a, b]. □ 
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Let us recall that by Y we denote the countable set of points y G K'^ with infinite preimage J-g ^(y). The following 
claim plays a crucial role in the proof of Lemma 13.71 

Claim 3.14. For any y ^ M.\ Xe ° ^J-EiJ^eidE) UY) the preimage Dy — {\e o He ° ^h\E)^^{y) is finite and contains 
even number of points. 

Proof. If Dy is empty, then there is nothing to prove. So, we assume that the set Dy is not empty. Claims 13.131 and 
13.41 imply that for any pair {a, 6} G E the intersection Dy H [a, 6] contains at most one point. This point belongs to 
the interior ]a, h[ as y ^ \e ° M-E ° ^d{dE). 

Since ^ie o ^d{E) C ^j.e{Ce) C [0, 1]-^ C M-^, the preimage W = {fiE ° .F/i)~^(R'^) is an open neighborhood of the 
set E in eK \ and 

Ve = ><E ° fJ-E o ^h\W : ^ R 

is a well-defined continuous map. 
Observe that the formula 

Tl{u, v) = Xe o tJ.E ° J^{u, w) = X! ' ^c^ (■^(■"' ''^)) 

determines a rational function on R^. We claim that this rational function is not constant. Indeed, the set Dy, being 
not empty, contains some point x which lies in the interval [a, b] for some pair {a, 6} G E. Since r/Eix) = y ^ Ve{o-), 
we can find t > 1 such that ta, tx G W and riE{ta) ^ rjE^tx). Now we see that 

n{h{ta)) = rjE{ta) ^ riE{tx) = n{h{tx)), 

which means that the rational function TZ is not constant. So, it is legal to consider the plane algebraic curve 

Ay^n-Hy). 

The choice of the point y guarantees that y ^ riE{dE). Since W is an open neighborhood of E in eK \ and 
limm_).oo — §: there is a number m G N so large that: 

• [1,^^]- E (ZW, 

• y^VE{[l,^]-dE),and 

• the number Sm is Ay-small. 

Let Ay denote the family of connected components of the set Ay D SmKo. Since £m is Aj,-small each set A G Ay is 
an Em-elementary branch of the algebraic curve Ay. By A* G Ay we shall denote its conjugate Em-branch. 

For each Em-elementary branch A £ Ay the preimage B — h~^{A) is a curve in the "square annulus" SmK \ ^K. 
Let B* = h~^{A*) be the "conjugate" curve to B = h~^{A). Now consider the family By = {h~^{A) : A G Ay} that 
decomposes into pairs of conjugate curves. 

Claim 3.15. For any curve B (£ By and its closure B in M.'^ the intersection B f] ^Kg is a non-empty convex subset 
of ^Kg such that B H E d Dy. If the intersection B H E is not empty, then it is a singleton. 

Proof. We lose no generality assuming that the E„-elementary curve A = h(B) G Ay is an east Em-elementary curve. 
The construction of the homeomorphism h guarantees that the curve B coincides with the graph of some continuous 
function defined on the interval (|,(5m]- This implies that the intersection B n ^Kg is a non-empty closed convex 
subset that lies in the east side {|} x [— |, |] of the square ^Kg. Taking into account that riE{W B) = {y}, we 
conclude that rjEiW r\ B) = {y} and hence B (1 E C Dy. 

If B O E is not empty, then it is a singleton because B n ^Kg is convex, does not meet the set dE, and the 
intersection B O E C Dy is finite. □ 

Let 

B^ = {B e By : BnE ^fb} and A^ ^ {h{B) : B G }. 

For every B G By let 7t{B) be the unique point of the intersection B (1 E C Dy. 

The following claim completes the proof of Claim l3TT4l showing that the set \Dy\ — \By\ has even cardinality. □ 

Claim 3.16. (1) For any pair {a,b} G E and t G (1, ^/jg segment [ta,tb] meets at most one set B G By . 

(2) The function Tr\By : By — Dy is bijective. 

(3) For each curve B G By its conjugate curve B* belongs to By , so the cardinality \By\ is even. 

Proof. 1. Assume that for some pair {a, 6} G E and some t G (1, the segment [ta,tb] meets two distinct curves 
B,B' G By at some points u,u', respectively. We lose no generality assuming the points u,u' are ordered so that 
[ta,u] n [u',tb] = 0. Since D D ■^Ba there are two neighbor points ao,foo G ^Bq such that [a,b] C [ao,&o] and 
[ao,a]n [6,&o] =0- 
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Now consider the points h{u), h{u') G Ayr){t~l)eKo and observe that [h{u), h{u')] C [h{ta), h{tb)] C [/i(tao), h{tbo)]. 
The property (13) of the set Bq guarantees that for every function f E J- the restriction f\[h{tao), h{tbo)] either is 
constant or is injective. In particular, for each function / S J-"^^ the restriction f\[h{u), h{u')] is injective. Then the 
choice of the sign e/, guarantees that eff{h{u)) < eff{h{u')) and then 

y ^ Xe ° ^J-E ° T{h{u)) < XeO fJ-E° -^(/i(w')) = Vy 
which is the desired contradiction. 

2. First we check that the function TT\By is injective. Assume that tt{B) ~ 7r(i?') for two distinct curves B, B' G By. 
Let X G T^{B) ~ 7r(_B') £ E O Dy and find an ordered pair (a, b) G E such that x e ]a, b[. The connectedness of the 
curves B and B' imphes that for some t e {1,25m] the segment [ta,tb] intersects both curves B and B' which is 
forbidden by Claim [3T6l' l). 

Now we prove that the function TT\By is surjective. Fix any point x e Dy and find an ordered pair (a, b) G E such 
that X e ]a,b[. Since y ^ i]E{{a,b}), we conclude that Fh{a) ^ ^h{x) ^ ^h{b). Then the choice of the signs e/, 
f <E guarantees that r]E{a) < rjEix) = y < ?7_e(&)- Choose a number t e (1, such that 

r]E{ta) <y < riE{tb). 

It follows that the point y belongs to r]E{[ta,tb]) and the segment [ta,tb] meets the preimage B = h~-^{A) of some 
ffm-branch A of the algebraic curve Ay. Taking into account that A is an £„i-elementary curve and the intervals [a, ta] 
and [b, tb] do not intersect B, we conclude that the curve B has a limit point tt{B) in the singleton [a, b] n Dy = {x}. 

3. Take any curve B £ By and consider its conjugate curve B* . Choose any point x* £ B Ci §Kg. For the points 
X = 7r(S) and x* find pairs {a,b},{a*,b*} £ Af{D} such that x £ [a,b] and x* £ [a*,b*]. It follows from B £ By 
that the pair {a,b} £ E. We need to show that the pair {a*, 6*} also belongs to E, which means that {a*, 6*} is 
J^-coherent to {a, 6}. This will follow from Claim 15^ 3) as soon as we check that ?h{x) = Thi^*). 

Since the curves B and B* are conjugated, their images A = h{B) and A* — h{B*) are conjugated e„i-branches of 
the algebraic curve Ay. Lemma [2.21 implies that 

lim J-(z) = lim J'(z). 

Using the continuity of the function J-h at the points x and x*, we see that 

^h{x) ~ lini fh{u) = lim J- o h{u) — lim J'{v) = 

B3u^x B3u^x A3v^0 

= lim J-{v) — lim J- o h{u) = lim J-jAu) ~ TiAx*). 

□ 

Now we can continue the proof of Lemma 13.71 
Choose a finite subset Ne C M. such that 

• the convex hull conv(A''£;) of Ne contains the compact subset riE{E) of R; 

• VEidE) c Ne; 

• for any neighbor points a, b of 7]E{dE) the interval ]a, b[ has non-empty intersection with the set Ne. 
Fix a continuous map : M — > C ^Kd such that 

• (fE ° VE\dE ^ g o :Fa\dE; 

• for any neighbor points a, b of the set Ne the restriction ip\[a, b] : [a, b] — > Ie is injective. 
Finally, put 

gE = (fiE o r]E\E : E ^ Ie C ^Kq. 

Taking into account that gE{E)Ugo^g(E) C Ie and gE\dE — go^g\dE, we see that the maps c/e, g°.^d\E : E ^ Ie 
are homotopic by a homotopy He : E x [0, 1] — >■ such that 

• hE{x, 0) — gsix), hsix, I) ^ g o J-q{x) for b\\ x £ E and 

• hE{x, t) = g e{x) — g o J-a{x) for all x £ dE and t £ [0, 1]. 

•(-> _ <-> 

The maps g_B, E £ N{D}, compose a map g : ^Kg — > ^Kg defined by g\E ~ gE for E £ J^{D}. 

Also, the homotopies He ■ E x [0,1] Ie C ^Kg, E £ M{D}, compose a homotopy h : ^Kg x [0,1] ^Kg 
between the maps g and g o Tg. 

The proof of Lemma 13.71 is finished by the following claim. 

Claim 3.17. The map g is 'Z2-trivial. 
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Proof. To show that the map g is Z2-trivial, we shall apply Lemma [2.41 Pick any point yo e ^Ka which does not 
belong to the countable set 

y {gE{dE) U ifiiNE) U^eoXeo /iB(r n C^) : E e ^{0}}. 

For every equivalence class E G Af{D} consider the set Ye — f^ {yo) which is finite by the choice of the function 
ifiE- By Claim [3T4l for every point y E Ye the preimage Dy = (Xe o ^e o ^h\E)~^{y) is finite and contains even 
number of points. Since yo ^ g{dE), we get Dy C E \ dE. Then the preimage g]^^{yo) = UyeYE ^^^^ va. E\ dE 
and contains even number of points. Unifying these preimages, we conclude that the preimage 

r\y^) = [j{rE\y^)--EEU{D}} 

has even cardinality and lies in the set ^Kq \ D. 

It remains to check that each point x € g~^{yid) has a neighborhood Ux C ^Kq such that the map g\Ux is monotone. 
Find two neighbor points a, 6 of the set D such that x G ]a, 6[. Let E be the J^-coherence class of the pair {a, 6}. 
By Claims 13.51 and 13.131 the map Xe ° Ms o -Tvil [a, is monotone. Now consider the point y = Xe o o ?h{x) and 
observe that y ^ Ne (as fE[y)=yo^ ^e{.Ne))- The choice of the function ipE guarantees that the point y has a 
neighborhood Vy C M.\Ne such that the restriction fE\Vy is injective (and hence monotone). Then the neighborhood 
U'x = {Xe ° M-E ° ^h\[a,b])~'^{Vy) has the desired property: the restriction g\Ux = gE\Ux = fE o Xe o ^J-E ° -^hlUx is 
monotone. □ 

□ 

□ 



4. Inverse spectra 

In the proof of Theorems 11.21 and 11.31 we shall widely use the technique of inverse spectra, see [5] , [S] . Formally 
speaking an inverse spectrum in a category C is a contravariant functor 5 : E — >■ C from a directed partially ordered 
set E to the category C. A partially ordered set (briefly a poset) E is called directed if for any elements a, /3 G E there 
is an element 7 G E such that 7 > a and 7 > /?. Each poset E can be identified with a category whose objects are 
elements of E and two objects a, /? G E are linked by a single morphism a — >■ /3 if and only if a < /3. 

An inverse spectrum 5 : E — > C can be written directly as the family {Xq,,p£, E} consisting of objects Xa of the 
category C, indexed by elements a of the poset E, and bonding morphisms : Xp — >■ X^ defined for any indices 
a < /? in E, so that for any indices a < /3 < 7 in E the following two conditions are satisfied: 

• vL=pi°p]} and 

• is the identity morphism of Xa ■ 

Inverse spectra over a poset E in a category C form a category Cs whose morphisms are natural transformations 
of functors. In other words, for two inverse spectra S ~ {Xq,p^,E} and S' — {X^,7rf,E} a morphism f : S ^ S' 
in Cs is a family of morphisms f — {fa '■ Xa — ^ X'^}a<£S of the category C such that for any indices a < /3 in E the 
following square is commutative: 

Xp -J^X'p 
Pi 

Xa X'a 

There is a functor {■)y^ : C ^ assigning to each object X oi C the inverse spectrum Xs = {Xa,Pa: ^} where 
Xa ~ X and p^ is the identity map of X for all a < /3 in E. To each morphism / : X — > F of the category C the 
functor {■)y: assigns the morphism /s — {/a joes where fa = f for all a G E. 

For an inverse spectrum 5 : E — > C its limit is a pair {X,p) consisting of an object X of C and a morphism 
p — {pa}ae's '■ ~^ S in the category Cs such that for any other pair {Z,Tr) consisting of an object Z of C and 
a morphism vr = {T^a}aei: '■ -^s — >■ S there is a unique morphism f : Z X such that tt — p o f-n- This definition 
implies that a limit {X,p) of S if exists, is unique up to the isomorphism. Because of that the space X is denoted by 
lim5 and called the limit of the inverse spectrum S. 

In this paper we shall be mainly interested in inverse spectra in the category CompEpi of compact Hausdorff spaces 
and their continuous surjective maps. In this case, each inverse spectrum S — {Xa,Pa} ^} has a limit {X,p) consisting 
of the closed subspace 

X = {{xa)aes E Y[Xa : pi{x fi) = Xa for aU a < /3 in E} 
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of the Tychonoff product ricteE and the morphismp = {Pa)aiiT. ■ X-^ — > S where : X X^, pa : {xa)ae^ ^ ^a, 
is the a-th coordinate projection. 

Using the technique of inverse spectra, we shall reduce the problem of investigation of the graphoid f (J^) of an 
arbitrary family J- C M(xi, . . . ^Xk) to studying the graphoids T{a) of finite subfamilies a of T. Namely, given any 
family F C M.{xi, . . . ,Xk) of rational functions of fc-variables, consider the set E = [-F]^" of finite subsets of 
partially ordered by the inclusion relation C. Endowed with this relation, E = [-^]^" becomes a directed poset. 
For any elements a < /? of E (which are finite subsets a C /? of J-") we can consider the coordinate projection 
p^ : f(/3) — > f(a). In such a way we obtain the inverse spectrum Sjr = {f(a),p^,E} consisting of graphoids of 
finite subfamilies of J- . For each finite subset a G E of the limit projection pa ■ r(J^) r(a) coincides with the 
corresponding coordinate projection (we recall that T{J-) = x R-^ while r{a) C x R"). 

The crucial fact that follows from the definition of T{J-) is the following lemma: 

Lemma 4.1. The graphoid r(J^) together with the limit projections pa '■ r(J^) — !■ T{a), a G E, is the limit of the 
inverse spectrum Sjr {r(a),p^, E} consisting of graphoids r{a) of finite subfamilies a C J-. 

5. Extension dimension of limit spaces of inverse spectra 

In this section we shall evaluate the extension dimension of limit spaces of inverse spectra in the category CompEpi. 
This information will be then used in the proofs of Theorems 11.21 and 11.31 

We shall say that a topological space Y is an absolute neighborhood extensor for compact Hausdorff spaces and 
write Y G ANE(Comp) if each map f : A Y defined on a closed subspace A of a compact Hausdorff space X has a 
continuous extension / : N{A) — >■ Y defined on a neighborhood N{A) of A in X. 

Let us recall that a space X has extension dimension e-dim(X) < F if each map f : A ^ Y defined on a closed 
subspace A oi X has a continuous extension f : X ^ Y. 

The following lemma should be known in Extension Dimension Theory but we could not find a precise reference. 
So, we have decided to give a proof for convenience of the reader. 

Lemma 5.1. Let (X, (pa)) be a limit of an inverse spectrum S ~ {Xq,,p^,E} in the category CompEpi. The limit 
space X has extension dimension e-dmi(X) < Y for some space Y G ANE(Comp) if and only if for any a G E and 
a map fa ■ Aa — > Y defined on a closed subspace Aa of the space Xa there are an index (S > a in and a map 
fp : Xfj — > Y that extends the map fa ° P^\-^p '■ ~^ Y defined on the closed subset Ap = {p^)~^{Aa) of Xp. 

Proof. First we prove the "if" part of the lemma. To prove that X has extension dimension e-dmi(X) < 1", fix a map 
f : A Y defined on a closed subset A of the space X. Embed the space X into a TychonoflF cube [0, 1]*^. Since 
Y G ANE(Comp), the map / admits a continuous extension / : 0{A) — !• Y defined on an open neighborhood 0{A) of 
A in [0, 1]". Next, find a closed neighborhood A C 0{A) of A in [0, 1]". 
Let U he a, cover of [0,1]*^ by open convex subsets such that 

St{A,U) -.^[jlu eU : Anu C 0{A). 

Claim 5.2. There is an index a G E and a continuous map ra '■ Aa — > 0{A) defined on the closed subset Aa = Pa{A) 
of Xa such that the map ra o Pa\A is lA-near to the identity embedding A — >■ 0{A) in the sense that for each x £ A 
the doubleton {x,ra opa{xy\ lies in some set U £lA. 

Proof. Let V be an open cover of [0, 1]" that star-refines the cover U (the latter means that for every F G V its V-star 
St{V,V) lies in some set U G U). 

It is well-known that the topology of the limit space X of the spectrum S is generated by the base consisting of 
the sets p'^^{Ua) where a G E and Ua is an open set in Xa- Here Pa '■ X ^ Xa stands for the limit projection. 

This fact allows us to find for every z € A an index G E and an open neighborhood Wz C Xa^ of Pa^ (z) such 
that the neighborhood Pali^z) of z lies in some set T4 G V. The open cover {Pali^z) ■ z G A} of the compact 
subset A admits a finite subcover {Pali^z) '■ z G F}. Here is a suitable finite subset of A. Since the index set E 
is directed, there is an index a G E such that a > az for all z £ F. Changing the sets Wz by {PaJ~^{Wz), we can 
assume that az = a for all z £ F. Then W = {Wz : z G i^} is an open cover of the closed subset Aa = Pa{A) of the 
compact space Xa- Let {Xz : Aa — > [0, l]}ze-F be a partition of unity, subordinated to the cover W in the sense that 
Aji(]0,l]) C Wz for ah zeF. 

Consider the map Tq, : Aa — > [0, 1]** defined by 

ra{x) = ^ Xz{x) ■ z. 
zeF 

We claim that this map has the required property: op^jjA is U-neai to the identity embedding A — > 0{A). 
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Given any point x £ A, consider the finite set E — {z £ F : \z{pa{x)) > 0}. It follows that 

ra{Pa{x)) = ^ Xz{Pa{x)) ■ Z. 
z£E 

Observe that for every z G E we get 

X G p-\po.ix)) C p-\X:\]0, 1])) C p-\W.) C V, 

and hence 

EU{x}(l U 14 C St{x, V) C C/ 

zeE 

for some open convex set U E 14. The convexity of the set U guarantees that this set contains the following convex 
combination: 

raiPaix)) = ^ >^z{Paix)) ' Z. 

zeE 

□ 



Claim [5T2I implies that 

ra(ia) = r„ o c St{A,U) C 0(A), 

so the composition fa — f ° Ta '■ A^ — > y is a well-defined continuous map. By our assumption, there is an index 
(3 > a and a continuous map : Xp — > Y that extends the map fp — fa op^|A^, where Ap = {pl^)^^{Aa) D P0{A). 
Observe that 

f[5°Pl3\A = fi30pp\A = fa op^^Opp\A = faOPa\A = f OVa O Pa\A. 

Using the Urysohn Lemma, choose a continuous function ^ : X — > [0, 1] such that ^(A) C {1} and X\Aci f^^(O). 

Claim [52] implies that for every x E A the convex combination £,{x)x + (1 — £.{x))ra{pa{x)) lies in St{A,U) C 0{A) 
so, the function f : X Y, 

( f{^ix)x + (1 - ^ix))ra O pa{x)) if X E A 

f:x^lff,opp{x) ifxe^HO), 

[ff3°Pl3{x) = foraOpaix) if X G ^-^(O) Oi, 

is a well-defined continuous extension of the map / — witnessing that e-dim(X) < Y . 

Now we prove the "only if" part of the lemma. Assume that e-dim(X) < Y . Fix an index a G S and a continuous 
map fa ■ Aa — >■ Y defined on a closed subset Aa of Xa ■ We need to find an index /3 > a in E and a continuous map 
fj3 : Xfj — >• Y that extends the map fa o p^\Ap defined on the subset Af^ — {p^)~^{Aa) of Xp. 

Since Y G ANE(Comp), the map fa admits a continuous extension fa ■ Aa — > Y defined on a closed neighborhood 
Aa ofAainXa- Then ^ = is a closed neighborhood of the closed set v4 = pQ;^(v4a) in X. Since e-dim(X) <Y, 

the map fa o pa\A has a continuous extension f : X ^ Y. 

Embed the compact Hausdorff space K — f{X) C F in a Tychonoff cube [0, 1]" of a suitable weight k. Since 
Y G ANE(Comp), the identity embedding K Y admits a continuous extension ijj : 0{K) Y defined on an open 
neighborhood 0{K) of K in [0, 1]". Let U he a cover of [0, 1]" by open convex subsets such that St{K,U) C 0{K). 
Repeating the argument of Claim [5^ we can find an index /3 > a in E and a continuous map fp : Xp — [0, 1]*^ such 
that the composition fp o pfj is U-neai to the map f : X ^ K <Z [0,1]'*. 

Consider the closed neighborhood Ap = {p^)~^{Aa) D P/si-A) of the set Afi = {p^)~^{Aa) in the space Xj3. Using 
the Urysohn Lemma, choose a continuous function : Xp — > [0, 1] such that Ajj C and Xp \ C ^~^(0). 

Given any point y G Ap, choose a point x G p^^(y) C A (which exists by the surjectivity of the limit projection 
p^), and observe that 

{fc.opi{y)Jp{y)} = {fc.opa{x),fpopp{x)} = {f{x),fpopp{x)} C U C St{K,U) C 0{K) 

for some set [/ £U according to the choice of the map fp. Then the convex combination £_{x)fa{Pa{x)) + {l—£,{x))fi3{x) 
also belongs to [/ C 0{K), which implies that the map fp : Xp — > Y, 

'i>{^{x)fa O Pi{x) + (1 - i{x))fp{x)) \ixEAp 

fp{x) = U{fp{x)) ifa^GTHO) 

^^l^{fp{x)) = o faopiix)) if a; G n THO) 

is a well-defined continuous extension of the map o f^ o p^\Ap = fa ° Pa\-^P- '— ' 

Lemma l5. II implies the following known fact on preservation of extension dimension by inverse limits. 
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Corollary 5.3. Let (X. {pa)) be a limit of an inverse spectrum S — {XcP^, ^} i^i the category CompEpi. The limit 
space X has extension dimension e-dini(X) < Y for some space Y G ANE(Comp) provided that e-dmi(Xa) < Y for 
all a ^ S. 

By |TOi 3.2.9], a compact Hausdorff space X has covering dimension dimX < n if and only if e-dim(X) < where 
5'" denotes the n-dimensional sphere. This fact combined with Corollary 15.31 yields the following well-known fact pUl 
3.4.11]: 

Corollary 5.4. Let (X, {pa)) be a limit of an inverse spectrum S = {Xa,p^, S} in the category CompEpi. The limit 
space X has dimension dmi{X) < n for some rt G w provided that dmi{Xa) < n for all a € E. 

6. Proof of Theorem 11.21 

In this section we present a proof of Theorem 11.21 Given any non-empty family of rational functions T C 
we need to prove that the graphoid f (J^) has dimension dim(f (J^)) = 2. 

Lemma 6.1. The graphoid r(J^) has dimension dim(r(J^)) < 2. 

Proof. By Lemma 14.11 the graphoid r(J^) is homeomorphic to the limit space of the inverse spectrum Sj^ = 
{T{a),p^, [J^]"^^} that consists of graphoids f (a) of finite subfamilies a C J^. Now Corollary 15.41 will imply that 
dimr(J^) < 2 as soon as we check that dimT{Q) < 2 for any finite subfamily Q G F. 

Since Q is finite, the set dom(t/) = H/eg dom(/) is cofinite in M? . Identify the family Q with the partial continuous 
function 

g : dom(g) ^ R^, g-.x^ {f{x)) f^g 
and let Q be the graphoid extension of g. Then T{g) — T{g) and hence 

tig) = T{g) = Tig) u |J {{z} x giz) : z e \ dom(g)}. 

Theorem l3.ir 6l implies that for every point z e dom(t/) the set Qiz) has dimension dim(^(z)) < 1. Since the graph 
Tig) is homeomorphic to the cofinite set \ dom(5), it has dimension dim(r(^)) < dim(R^) = 2. Now Theorem of 
Sum flO, 1.5.3] implies that 

dim Tig) < sup{dim(r(^)), dim ^(z) : z € R^ \ dom(5)} < 2. 

□ 

Lemma 6.2. dimf (J") > 2. 

Proof. Since dimr(J^) < 1 if and only if e-dim(f (J^)) < Kg, it suffices to check that e-dim(r(J^)) ^ Kg. To prove this 
fact, we shall apply Lemma lSTl By Lemma HTTl the graphoid f (J^) is the limit of the spectrum Sjr = {Tia),p^, [J-]'^'^}. 
The smallest element of the poset [J^]^"^ is the empty set. Its graphoid r(0) can be identified with the torus E^. 
Let Aq^2K\ K where A" = (-1, 1)^ is the open square in the plane R^ endowed with the max-norm 

||(a;,y)|| = max{|a;|, |y|}. 

Consider the map /g : ^0 — Kq, f : H> jilf^^- Assuming that e-dimr(J^) < Kq, and applying Lemma [5.11 

we can find a finite subset P d J- and a continuous map fp : f (/3) — > Kg that extends the map /g op^\Ap : Ap — Kg 
where Ap = ip^^)~^iAi^. The finite family ji (Z T thought as a partial function /3 : dom(/?) — >■ R^ is defined on a 
cofinite subset doni(/3) of R^. So, we can find a real number t e [1,2] such that tKg C dom(/3). Consider the finite 
set Z = tK\ dom(/3) in tK. 

Using Theorem 13. 1[ we can find e > so small that 

(1) tKQnBiZ_,e) = 0; 

(2) Biz, e) n Biz', e) = % for any distinct points z, z' £ Z; 

(3) there is a homeomorphism h : tK \ BiZ, |) — tK \ Z such that 

(a) h is identity on the set tK \ BiZ, e), 

(b) h has continuous extension h : tK \ BiZ, |) — >■ tK such that h~^iz) = Siz, |) for every z G Z; 

(c) the composition (3 oh : tK \ BiZ, |) — R^ has a continuous extension Ph '■ tK \ BiZ, |) — Mfi; 

(d) for every z £ Z and any map (pz ■ /3(z) Kg the composition (pzO/3h\Siz, |) : Siz, |) — > Kg is Z2-trivial. 
It follows that the map 

= i'h, Ph) ■■ tK \ BiZ, §) f (/3), ^|;■.z^ ^^(z)), 
is continuous and for every z € Z the map fp o ip\Siz, |) : Siz, |) — ^ Kg is Z2-trivial. Then by Lemma [2.5[ the 
map ipltKg : tKg — > Kg also is Z2-trivial, which is impossible as this map is a homeomorphism, which induces 
an isomorphism of the homology groups HiitKg;Z,2) and HiiKg;Z2). This contradiction completes the proof of 
Lemma 16.21 □ 
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7. Proof of Theorem 11.31 
Assume that T C M(a;, y) is a family of rational functions, containing a family of linear fractional transformations 

for some dense subset D of . 

By Theorem II. 21 dim(f (J^)) — 2. By Alexandroff Theorem [6l 1.4], dimz(X) = dim(A) for each finite-dimensional 
compact Hausdorff space X. Consequently, dimz(f (J")) = dim(f (J")) — 2. 

Now let G be a non-trivial 2-divisible abelian group. We need to show that dimG(r(J^)) = 1. To see that 
dimG(r(J^)) > 0, take any Eilenberg-MacLane complex fir(G, 0), for example, take the group G endowed with the 
discrete topology. Since the space f (J^) is connected, any injective map ] : A ^ G defined on a doubleton A = 
{a, 6} C f (-^) has no continuous extension / : f (J^) — G, which means that e-dim(f (J^)) ^ G and dimG(f (J^)) ^ 0. 

The inequality dimG(r(^)) < 1, which is equivalent to e-dim(r(J^)) < K(G^ 1), follows from the subsequent a bit 
more general result: 

Lemma 7.1. e-dini(r(J-')) < Y for any path- connected space Y G ANE(Comp) with 2-divisible fundamental group 
MY). 

Proof. To show that e-dim(r(J^)) <Y we shall apply Lemma lOl By Lemma ITTl the graphoid f (J^) is homeomorphic 
to the limit space of the inverse spectrum Sjr — {r(a),p^, [J^]^"}. Given a finite subset a e [-^]^" and a map 
fa ■ Aa — > Y defined on a closed subset Aa of the graphoid r(Q;), we need to find a finite subset /3 D a oi J- and a 
continuous function fp : T{/3) — Y that extends the map o p^\Ap defined on the set Ap = {p^)~^{Aa). 

We can think of the family a C as a partial function a : dom(a) — > defined on the cofinite set dom(Q;) in E". 
Let a ^ R" be the graphoid extension of a. Its graph r(Q;) coincides with the graphoid T{a) of a. 

By Theorem l3.ir 6l. for every point z of the finite set Z = {(oo, oo)} U (R^ \ dom(a)) the image a{z) is a singleton 
or a finite union of arcs. Consequently, the set r(Q;|Z) = Uzezi-^i ^ oi{z) is a finite union of singletons or arcs. 
Using the path-connectedness of the space Y e ANE(Comp), we can extend the map fa to a continuous map : 
AaUT{a\Z) Y. 

Since Y e ANE(Comp), the map : Aa U r(a|Z) — > Y has a continuous extension fa ■ Aa — > Y defined on a 
closed neighborhood Aa of the set Aa U r(a|Z) in f (a). The boundary dAa of Aa in f (a) is a compact subset of 
r(Q;) \ r(Q;|Z) C r(a). The projection p^ : r{a) R^ maps homeomorphically the graph r{a) onto the cofinite 
subset dom(a) of the torus R^. 

Replacing Aa by a smaller (more regular) neighborhood, if necessary, we can assume that the boundary dAa is a 
topological graph, that is, a finite union of arcs that are disjoint or meet by their end-points. Adding to Aa a finite 
union of arcs, we can enlarge the set Aa to a closed set Aa C r(a) whose boundary dAa is a topological graph such 
that 

• the family C of connected components of T{a) \ Aa is finite and 

• for each connected component C E C the closure G is homeomorphic to the closed square A' = [— 1, 1]^. 
Using the path-connectedness of the space Y S ANE(Comp), we can extend the map fa to a continuous map 

fa ■ Aa Y. 

For every connected component C E C use the density of the set D in and find a point {ac, be) E D O C. Now 
consider the finite subfamily 

l3^au\^^^:CEC\(lT, 
ly ~bc J 

which determines a partial continuous function /? : dom(/3) — > R^ defined on the cofinite set dom(Q!) \ ({(oo,oo)} U 
{iac,bc):C EC}) of R\ 

We claim that there is a continuous function fp : r(/3) — > Y that extends the map fa o pl^\Afs defined on the set 

Ap^ip^J-HAa). 

Put Aj3 = ^{Aa) and observe that the complement T{f3) \ Afj is the union of connected components = 

(p^)~^(G), G G C, which are graphoids of the rational functions restricted to the open 2-disks p'^{G). Such 

graphoids are homeomorphic to the open Mobius band. 

For every C E C the closure of G^ in f being homeomorphic to the closed Mobius band, is homeomorphic 
to the quotient space of the "square annulus" K \ by the equivalence relation that identifies the pairs of opposite 
points on the inner boundary square jATg. Let qc '■ K \ — > G^ be the corresponding quotient map. 

Fix a continuous map cr : [0, 1] — >■ Kg such that 

. a(0) =(7(1), 

• fj I [0, 1) : [0, 1) -> Kq is bijective, 

• for any t E [0, ^] the points cr(t + ^) — — o'(i). 
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The map = fa ° Pa ° 1c ° '■ [0, 1] — t- determines a loop in Y , whose equivalence class is an element of the 
fundamental group tti{Y) of Y. Since the group tti{Y) is 2-divisible, there is a loop Sc ■ [0, 1] — > F such whose square 



sh ■■ [0, 1] ^ Y, 



r^.(2t) ifO<.<i, 
^ \Sc{2t~l) ifi<i<l, 



2 

is homotopic to the loop 7c by a homotopy that does not move the points and 1. 

Now consider the loop Jc — fa ° Pa ° 1c\Kd ■ Kd Y and observe that 7c = 7c o Let 5"^ : \Kq — F be a 
unique map such that ^cj = 5q. Here \a : [0, 1] — >■ \Kq is the loop assigning to each t g [0, 1] the point \(j{t) of 
the square \Kq. The homotopy between the loops 7c and 5"^ allows us to find a continuous map he ■ R \ \K — > Y 
such that hc\Kg — 7c and hc\\KQ ~ S'q. 

The definition of a and guarantees that 5'q{x) = 5'jj{—x) for any point x € \Kq. Hence there is a unique 
continuous map he '■ Y such that he = he ° qc- It follows from hc\KQ = 7c that hc\dC^ = fa° Pa\dC^ . 

This implies that the map : f Y, 

'faopiix) ifxeA^, 

hc{x) li X e for some C G C, 

is a well-defined continuous extension of the map fa op^\Ai). □ 

8. Some Open Problems 

In light of Theorem II .31 the following problem arises naturally: 

Problem 8.1. Has the graphoid r(J^) of any family T C M(a;,y) the cohomological dimension dimc(r(J^)) = 2 for 
any abelian group G that is not 2-divisible? 

The answer to this problem is affirmative if the following problem has an affirmative answer. 

Problem 8.2. Let T C y) he a finite family, T —° he its graphoid extension, and z G be an arbitrary 
point. Is T{z) a singleton or a finite union of analytic arcs in Mf^ . 

An arc A in M" is called analytic \i A = a([0, 1]) for some vector function a : [0, 1] — ?► M" that has analytic 
coordinate functions ai, . . . , a„ : [0, 1] M. Here we identify the projective line R with the unit circle on plane via 
the stereographic projection. 

In case of positive answer to Problem l8.2l the proof of the inequality dim(r(J-')) > 2 can be much simplified (Lemma 
3 with its extremely long proof will be not required). 

References 

[I] P.S. Aleksandrov, Introduction to homological dimension theory and general combinatorial topology, Nauka, Moscow, 1975 (in Russian). 
[2] T. Banakh, Ya. Kholyavka, M. Machura, O. Potyatynyk, K. Osiak, The dimension of the space of real places of a function field, 

preprint. 

[3] E. Becker, D. Gondard, Notes on the space of real places of a formally real field, in: Real analytic and algebraic geometry (Trento, 

1992), 21-46, de Gruyter, Berlin, 1995. 
[4] E. Brieskorn, H. Egbert; Knorrer, Plane algebraic curves, Birkhuser Verlag, Basel, 1986. 
[5] A. Chigogidze, Inverse Spectra, North-Holland Publ., Amsterdam, 1996. 

[6] A. Dranislinikov Cohomological dimension theory of compact metric spaces. Topology Atlas Invited Contributions, 6:3 (2001), 61 pp. 
(arXiv:matli/0501523 ). 

[7] A. Dranislinikov, J. Dydak, Extension theory of separable metrizable spaces with applications to dimension theory, Trans. Amer. Math. 
Soc. 353:1 (2001), 133-156. 
[8] I. Efrat, K. Osiak, Topological spaces as spaces of R-places, J. Pure Appl. Algebra 215:5 (2011), 839—846. 
[9] R. Engelking, General Topology, Heldermann Verlag, Berlin, 1989. 

[10] R. Engelking, Theory of dimensions, finite and infinite, Heldermann Verlag, Lemgo, 1995. 

[II] A. Hatcher, Algebraic Topology, Cambridge Univ. Press, Cambridge, 2002. 

[12] W. Just, M. Weese, Discovering modern set theory, II. Set-theoretic tools for every mathematician, Amer. Math. Soc, Providence, 
RI, 1997. 

[13] E. Kunz, Introduction to plane algebraic curves, Birkhauser Boston, Inc., Boston, MA, 2005. 

[14] M. Machura, M. Marshall, K. Osiak, Metrizability of the space of R-places of a real function field. Math. Z. 266:1 (2010), 237-242. 
[15] W. Rudin, Real and Complex Analysis, McGraw-Hill Book Co., New York, 1987. 

Instytut Matematyki, Jan Kochanowski University, Kilece, Poland and 
Department of Mathematics, Ivan Franko National University of Lviv, Ukraine 
E-mail address: tbanakhOyahoo . com 

Department of Mathematics, Ivan Franko National University of Lviv, Ukraine 
E-mail address: ol6s2008agiiiail.com 



